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On a class of rational cuspidal plane curves 

H. Flenner and M. Zaidenberg 


Abstract 

We obtain new examples and the complete list of the rational cuspidal plane 
curves C with at least three cusps, one of which has multiplicity degC — 2. It 
occurs that these curves are projectively rigid. We also discuss the general 
problem of projective rigidity of rational cuspidal plane curves. 


A curve C C is called cuspidal if all its singular points are cusps. By a 
cusp we mean a locally irreducible singular point. Here we are interested in rational 
cuspidal plane curves. While there is a variety of such curves with one or two cusps 
[Yl-4; Sa; Ts], there are only very few known examples with three or more cusps. 
The simplest one is the three cuspidal Steiner quartic. In degree hve, there are two 
rational cuspidal quintics with three cusps and another one with four cusps (see [Na]). 
For a rational cuspidal curve C the inequality d < 3m holds, where d = deg C and m 
is the maximal multiplicity of the singular points of C [MaSa]. By Bezout’s theorem, 
m < d — 2 ii C has at least two cusps. 

In this paper we will give new examples and the complete list of rational cuspidal 
plane curves with at least three cusps and with m = d — 2 (see Theorem 3.5 below). 
It contains all those mentioned above. Up to projective equivalence, for any d > 4 
there are exactly curves of this class. Therefore, they are all projectively rigid. 
We also discuss the general problem of projective rigidity of rational cuspidal plane 
curves. 


^Mathematics Subject Classification: 14H20, 14H10, 14H45, 14D15, 14N05, 14N10 
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1 On multiplicity sequences 


1.1. Definition. Let (C, P) C (C^, P) be an irreducible analytic plane curve germ, 
and let 

C^ = Vo ^ Id ^ ■■■ ^ K 

be the sequence of blow ups over P that yields the minimal embedded resolution of 
singularity of C at P. Thus, the complete preimage of C* in Id is a simple normal 
crossing divisor D = E+Cn, where E is the exceptional divisor of the whole resolution 
and Cn is the proper preimage of C* in Denote by En the only —1-component of 
E, so that En ■ (-Dred — En) > 3. 

Let Ei C Vi he the exceptional divisor of the blow up Uj, Q C id be the proper 
transform of C at Vi, and let Pi-i = <7i{Ei) G -Ej-i nCj_i be the centrum of <7^. Thus, 
C = Co C Do and P = Po e Cq. 

Let TTij denote the multiplicity of the point Pj G C*. The sequence rhp = 
(mo, mi,... ,m„), where mo > mi > ... > mn = 1, is called the multiplicity se¬ 
quence of (C, P). We have 

n 

11 = 25 = ^mi{mi - 1 ), 
i=0 

where p is the Milnor number of {C, P) and <5 is the virtual number of double points 
of C at P [Mil], 

The following proposition gives a characterization of the multiplicity sequences. 


1.2. Proposition. The multiplicity sequence rhp = (mo, mi,... ,mn) has the fol¬ 
lowing two properties: 

i) for each i = 1,... ,n there exists k > 0 such that 


where 


and 


mi_i = mi + ... + mi+k , 


TTii — — ... — TTT-^-i-fc—1 , 
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ii) if 

^^n—r ^ r+1 • • • 1 7 

then run-r = r — 1. 

Conversely, if fh = {uiq, mi,... ,mn) is a non-inereasing sequenee of positive in¬ 
tegers satisfying conditions i) and ii), then rh = rfip for some irreducible plane curve 
germ (C, P). 


The proof is based on the following lemma. 

1.3. Lemma. Let rfip = {tuq, mi,... ,mn) be the multiplicity sequence of an irre¬ 
ducible plane curve singularity {C, P). Denote by the proper transform of the 
exceptional divisor Ei of ai at the surface Vi+k, so that, in particular, Ei = Ef\ 
Then the following hold. 


a) EiCi = mj_i and 

E^’^'^Cipk = max{0, mi-i - m* - ... - mi+k-i} , k > 0. 
In particular, = mj_i — m^. 


h) If 


then 


and 


mi_i > mi + ... + mi+k-i , 

TTii T?7'2-(-1 • • • 

rui-i >mi + ... + mi+k ■ 


Proof, a) From the equalities C*_i := a*(Ci-i) = Ci + mi-iEi, Ef = —1 and 
C*_^Ei = 0 it follows that CiEi = mj_i. Assume by induction that a) holds for 
k < r — 1, where r > 1. If > 0, then > 0 and Pj+r-i ^ 

Cipr-i n E^'^ Therefore, by induction hypothesis we have 

= mi_i - mi - mi+r-2 > 0 , 
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Ci+r = C*^r-1 - rUi+r-iEi+r and Ef'^ ■ Ei+r = 1 - Hence, E\''^Ci+r = - 

niiJ^r-iEi+rEf'^ = CiJ^r-1 “ ^i+r-1 = ^i-1 — TTii — ... — rTii+r-i- This proves 

(a), and also proves that 

rrii-i >mi + ... + rui+r-i 


if 


mi_i > mi + ...+ mi+r-2 , 


which is the second assertion of (b). 

To prove the hrst assertion of (b), note that is tangent to at the 

point Pi+r-i iff CiJ^r-i > ^i+r-i- As it was done in the proof of (a), one can 

easily show that the latter is equivalent to the inequality 


Ef'^Ci+r = rni_i -rrii- ...- nii+r-i > 0 , 

and it implies in turn that is tangent to Q+fc for each A; = 0,...,r — 1. Since by 
(a) Ci+kEi+k = ■nTi+fc-i, the inequality rriij^k-i > ^i+ki where 1 < /c < r — 1, would 
mean that the curve Ei^k is tangent to Cj+fc at Pj+fc, which is impossible, since it is 
transversal to e\^\ Therefore, = mj+fc for all /c = 1,..., r — 1. □ 


Proof of Proposition 1.2. Let fhp = {niQ, mi,..., mn) be the multiplicity sequence 
of an irreducible plane curve singularity {C, P). Write mj_i = fcjrrij + r* with 0 < 
Ti < mi. It follows from Lemma 1.3(b) that 

TTli TTli^i ... — i . 

Thus, if Vi = 0, then the condition i) is fulfilled. If Ti > 0, then mj_i > kimi = 
mi + ... + TTij+fc.-i, so that by Lemma 1.3(b) we have 

mi_i > kimi + mi+ki , 

and whence rj > mi+ki- But r* > rrij+fc. would imply that 

mi-i > mi + ... + mi+ki , 

which in turn implies by Lemma 1.3(b) that 

mi = ... = mi+ki < Ti , 
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which is a contradiction. Therefore, in this case nii+ki = and so 


nii-i — TTij + ... + nriij^ki-i + ^i+ki ■, 


where 


TTij . . . — l ■ 


The proof of (ii) is easy, and so it is omited. 


To prove the converse, we need the following lemma. For the moment we change 
the convention and define the multiplicity sequences to be infinite, setting rrii, = 1 for 
all u > n. Thus, the sequence (1, 1, ...) serves as multiplicity sequence of a smooth 
germ. 


1.4. Lemma. Let (C, P) be an irredueible plane curve germ with multiplicity se¬ 
quence fhp = (mo, mi,..., m„,...). Then there exists a germ of a smooth curve 
(T, P) through P with (rC)p = k iff k satisfies the condition 

(*) k = mo + mi + ... + m^ for some s > 0 with mo = mi = ... = mg-i. 


Proof. We proceed by induction on the number of m,y which are bigger than 1. If it 
is equal to zero, i.e. if {C, P) is a smooth germ, then our statement is evidently true. 

Let (T, P) C (Vo, P) be a smooth curve germ through P, and let T' C Vi be the 
proper transform of T. Then C* = Ci mQpi, and so 

k = (rC')p = T'Ci + moT'Ei = T'Ci + mo . 

If T'Ci = 0, then we are done. If not, then by induction hypothesis (applied to Ci) 
we have 

T'Ci = mi + ... + ms 

for some s > 0 and mi = ... = mg-i. If s = 1 then this proves the Lemma. If s > 1, 
i.e. k = mo + mi + m 2 + ..., then we have to show that mo = mp Denote by T" the 
proper transform of T' on V 2 . We have, as above, 

k — mo = T'Ci = r"C2 + mi, 
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which yields that T"C 2 = k — mo — mi > 0, i.e. F" meets C 2 - Moreover, since 
F'Ci = mi +m 2 +... > mi, F' is tangent to Ci at Pi G Ci, and hence P 2 G F". Since 
F' meets Pi transversally, F" does not meet the proper transform Pj^^ of Pi in V 2 . 
This means that F" and pj^^ meet P 2 in different points, and therefore p|^^C '2 = 0. 
By Lemma 1.3(a) we have Pi^^p 2 = ^0 ~ ^ 1 ] thus, mo = mi. This completes the 
proof in one direction. 

Conversely, assume that k satisfies (*). Then k — mo satisfies (*) with respect to 
(Cl, Pi). If /c = mo, then any generic smooth curve F through P = Pq satisfies the 
condition (FC)p = k = mo. li k — mo > 0, then by inductive hypothesis there is a 
smooth curve germ F' C Vi through Pi with F'Ci = k — mo- Let F be the image of F' 
in V. Then FC = F'Ci + moF'Pi. If k — mo = mi, then F' can be chosen generically, 
so transversally to Pi, and thus we have FC = k. If k — mo > mi, then as above 
F"C 2 = k — mo — mi > 0 and so F"pj^^ = 0, which implies that F'Pi = 1. Hence, 
FC = k also in this case. The lemma is proven. □ 

Returning to the proof of Proposition 1.2, fix a non-increasing sequence m = 
(mo, mi,..., m„) that satisfies (i) and (ii). Note that the sequence m' := (mi,..., m„) 
satisfies the same assumptions. Let ai : Hi —Vq = be the blow up at the point 
P G C^. Fix a point Pi G Pi = (jF^(P) C Vi. Consider first the case when 
mi > 1. We may assume by induction that there exists an irreducible plane curve 
germ (Ci, Pi) with multiplicity sequence fhp^ = rh' = (mi,..., m^). Since m satisfies 
(i) and (ii), from Lemma 1.4 it easily follows that there is an embedding (Ci, Pi) 

{Vi, Pi) such that (PiCi)pj = mo. Then obviously C := ai(Ci) C is a plane curve 
singularity with multiplicity sequence ffip = m = {mo, mi,... ,mn). Finally, assume 
that mi = 1. Choose Ci C Vi to be a smooth curve with (CiPi)pj = mo. Then 
again C := ai(Ci) C has multiplicity sequence fhp = rh = {mo, mi,... ,mn), as 
desired. This proves Proposition 1.2. □ 

1.5. Remark. It is well known that the multiplicity sequence carries the same in¬ 
formation as the Puiseux characteristic sequence, i.e. each of them can be computed 
in terms of the other [MaSa]. Moreover, the multiplicity sequence determines the 
weighted dual graph of the embedded resolution of the cusp and vice versa. This 
easily follows from the proofs of (1.2) and (1.3), see also [EiNe] or [OZl,2]. 
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1.6. Let / ; A" S' be a flat family of irreducible plane curve singularities, i.e. 
there is a diagram 


C^xS 

pr 

S 

and a subvariety S C df such that / | S : S —S' is (set theoretically) bijective, 
/|A’\S ; dl\S—>S'is smooth and the hbre Xg := has a cusp at the point 

{xs} = Xs n S. We say that the family / is equisingular if it possesses a simultaneous 
resolution, i.e. there is a diagram 

7r| I TT 

X ^ C‘^xS 

/\ pr 

where Z is smooth over S and for each s & S the induced diagram of the hbres 

X. Z, 

7r| I TT 

X, -- C2 

yields an embedded resolution of X* in such a way that the weighted dual graphs of 
7r“^(Xs) are all the same. 

Observe that if the family / is equisingular, then all the cusps (X*, Xg) have the 
same multiplicity sequence, see (1.5). Vice versa, we have the following simple lemma, 
which will be useful in the next section. 

1.7. Lemma. Let f : X ^ S be a flat family of irredueible plane eurve singu¬ 
larities. Assume that S is normal and all the eusps (X^, Xg), s G S, have the same 
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multiplicity sequence. Then the family f is equisingular. 


Proof. Note that S is necessarily normal and / | S : S —5* is an isomorphism. 
Blowing up E gives a morphism tti : Zi ^ x S whose restriction to the hbre over 
s yields the blowing up of at Xg- Then the proper transform Xi of X in Zi is the 
blowing up TT I dfi ; Xi ^ X along S. The singular set of the induced map Xi ^ S 
is a subvariety Si mapped one-to-one onto S. Repeating the procedure and using 
the fact that all multiplicity sequences of the cusps (X^, Xg) are the same, leads to a 
simultaneous resolution of / as above. □ 

2 Computation of deformation invariants in terms 
of multiplicity sequences 

2.1. On the Rigidity Problem. Consider a minimal smooth completion V of an 
open surface X = V \ JJ hy a simple normal crossing (SNC for short) divisor D. Let 
Qv{D) be the logarithmic tangent bundle. By [FZ] the groups H\Qy{D)) control 
the deformations of the pair (V, D)] more precisely, H^{Qv{D)) is the space of its 
inhnitesimal automorphisms, H^{Qv{D)) is the space of inhnitesimal deformations 
and H‘^{Qv{D)) gives the obstructions for extending inhnitesimal deformations. In 
[FZ, Lemma 1.3] we proved that if X is a Q-acyclic surface, i.e. iLi(X; Q) = 0, i > 0, 
then the Euler characteristic of 0y ( D ) is equal to Ky{Ky + D). If, in addition, X is 
of log-general type, i.e. its log-Kodaira dimension k{X) = 2, then hP{Qy{D)) = 0 
(indeed, by litaka’s theorem [li. Theorem 6] the automorphism group of a surface X 
of log-general type is hnite). We conjectured in [FZ] that such surfaces are rigid and 
have unobstructed deformations, i.e. that for them 

h\Qy{D)) = h\Qy{D))=t), 

and thus also 

X( 0 y(Zl))=O. 

This, indeed, is true in all examples that we know [FZ]. 

Let now X = 'P‘^\C = V\D, where C is an irreducible plane curve and R —P^ 
is the minimal embedded resolution of singularities of C, so that the total transform 



D of C* in is an SNC-divisor. In view of (1.6) and (1.7) the deformations of (V, D) 
correspond to equisingular embedded deformations of the curve C in P^. We say 
shortly that C is projectively rigid (resp. (projectively) unobstructed) if the pair {V, D) 
has no inhnitesimal deformations, i.e. h^{Qv{D)) = 0 (resp. h^(0y(Zl)) = 0)[]. 

Observe that C C is projectively rigid iff the only equisingular deformations 
of C* as a plane curve are those obtained via the action of the automorphism group 
PGL (3, C) on P^. Indeed, suppose that Ct C P^, t G T, is a family of deformations 
oiCo = C such that all the members Ct have at the corresponding singular points the 
same multiplicity sequence. Then the singularities can be resolved simultaneously at 
a family of surfaces (Id, Dt), t E T, see (1.6), (1.7). In view of the rigidity, there is 
a local isomorphism with the trivial family (Vq, Dq) x T, and so by blowing down 
this leads to a family of projective isomorphisms Ct-^Co- The converse is evidently 
true. 

It is easily seen that if G is a rational cuspidal curve, then the complement 
X = P2 \ G is Q-acyclic. If, in addition, G has at least three cusps, then X is 
also of log-general type [Wak]. Thus, the rigidity conjecture of [FZ] says that such 
a curve G should be projectively rigid and unobstructed. Here we compute the de¬ 
formation invariants of X in terms of multiplicity sequences of the cusps of G. In 
the next section we apply these computations to check the above rigidity conjecture 
for the complements of rational cuspidal curves considered there (see Lemma 3.3; cf. 
also section 4). 

2.2. Definition (cf. [MaSa, FZ]). Let the notation be as in Dehnition 1.1. The 
blowing up (Tj+i, z > 1, of Id at the point Pi G Gj is called inner (or subdivisional) if 
Pi G Gj n for some A; > 0, and it is called outer (or sprouting) in the opposite 
case. Note that cxi is neither inner nor outer. Moreover, ct 2 is always outer, and so 
p > 1, where ui = ujp resp. p = pp denotes the number of inner resp. outer blowing 
ups. Denote also hy k = kp the total number of blow ups, i.e. the length of the 
multiplicity sequence fhp = (mo, mi,..., mup) minus one. Clearly, uj + p = k — 1. 

By [a] we denote the smallest integer > a. 


^as an abstract curve, such C may have non-trivial equisingular deformations, which might be 
obstructed. 
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2.3. Lemma. 


777 ■ 1 

-p = E(r^i-i) 

i=l '"'i 

Proof. It is clear that the total number of exceptional curves C V^+j, where 
^ < i + j < k, passing through the centers Pj+j of the blow ups (Ji+j+i is 2uj + p. If 
mj_i = STTii, then by Lemma 1.3 Pj+j G for j = 0, 1,..., s — 1, i.e. exactly s 
times, except in the case when i = kp. If mj_i = smi + r, where 0 < r < rrii, then 
this happens for j = 0, 1,..., s, so (s + 1) times. In any case, this happens 
times, with the only exception when i = kp. Therefore, 


2-+p = Er^i-i = E(r^i-i) + (^-i) 

i=l i=l '"'i 


Since a; + p = A; — 1, we have the desired result. 


□ 


2.4. Proposition. Let Vq be a smooth eompaet eomplex surfaee, C C Vq be an 
irredueible cuspidal curve, and V ^ Vq be the embedded resolution of singularities of 
C. Denote by Ky resp. Ky^ the canonical divisor ofV resp. Vq, by D the reduced total 
preimage of C at V, and by rhp = {mp^Q, mp^i,... ,mp^kp) the multiplicity seguence 
at P E SingC. Let, as before, oop be the number of inner blow ups over P. Set 

kp 

hP = - 1) • 

i=0 

Then 

KyiKy + D) = Ky^iKy,+C)+ ^ (pp + Up - 1) . 

PeSing C 


Proof. Let aj+i : I7+i 17 be a step in the resolution of singularities of C. Put 
Ki = Ky. and let Di be the reduced total preimage of C at 17. We have 

Ki+i = K* + Pj+i and D* = = Pj+i + {mi — l)Pj_|_i + , 


where 


{ 0 if (Jj+i is neither inner nor outer 
1 if (Tj+i is outer 
2 if (Tj+i is inner 
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It follows that 


Ki{Ki + Di) — Ki^i{K* + D*) — + -Dj+i + (mj + 5* — 2)Ei^i) 


— + -Dj+i) — {rrii + Si — 2). 

Thus, 

-^i+i(-^i+i + -Di+i) = Ki{Ki + Di) + (m* — 1) + (5i — 1). 

Now the desired equality easily follows. □ 

2.5. Corollary. Let C C be a plane cuspidal curve of degree d > 3, and let 
n : V ^ be the embedded resolution of singularities of C, D be the reduced total 
preimage of C in V and K = Ky be the canonical divisor. Then 

x{Qv{D)) = K{K + D) = -3{d-3)+ ^ {r,p + up-l). (1) 

PeSingC 


2.6. Remark. In view of (2.5), in the case when C C is a rational cuspidal curve 
with at least three cusps, the rigidity conjecture mentioned in (2.1) in particular yields 
the identity 

{rjp + up-1) = 3{d-3), 

PGSingC 

which, indeed, is true in all examples that we know (see e.g. Lemma 3.3 below). 


3 Rational cuspidal plane curves of degree d with 
a cusp of multiplicity d — 2 

3.1. Lemma. Let C <Z P"^ be a rational cuspidal curve of degree d with a cusp 
P E C of multiplicity mp with multiplicity sequence rfip = {mp^o,... ,mp^kp)- Then 
the projection ttp : C —> from P has at most 2{d — m — 1) branching points. 

Furthermore, if Qi,... ,Qs are the other cusps of C with multiplicities rui,..., 
then 

S 

'Yi^j “ 1) + (p^p, 1 — 1) < 2{d — m — 1). 
i=i 
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Proof. By the Riemann-Hurwitz formula, applied to the composition ttp : = 

(7 —> P^ of the normalization map C ^ C and the projection ttp, which has degree 
d — m, we obtain that 

2{d-m)=2+ ^(uq-I), 

Q&C 

where vq is the ramihcation index of ttp at Q. The singular point Qi of C gives rise to 
a branching point with ramification index > rrii, and after blowing up at P G (7 the 
first infinitesimal point to P gives rise to a branching point with ramification index 
> mp 1 - This proves the lemma. □ 

Denote by {nia), where m > 1, the following multiplicity sequence: 

{rria) = j m, ...,ttt- , 1,. , 1 ). 

a m+1 

We write simply (m) instead of (mi) for a = 1. Notice that (2^) is the multiplicity 
sequence of a simple plane curve singularity of type A 2 k = 0); thus, (2) 

corresponds to an ordinary cusp = 0. 


3.2. Lemma. Let (7 C P^ 6e a rational cuspidal curve of degree d with a cusp 
P E C of multiplicity d — 2. Then C has at most three cusps. Assume further that 
C has three cusps. Then they are not on a line and have multiplicity sequences resp. 
[{d — 2), (2a), (2fe)], where a + b = d — 2. Each of these cusps has only one Puiseux 
characteristic pair; they are, respectively, {d — 1, d — 2), (2a + 1, 2), (26 + 1, 2). 


Proof. The projection (7 —> P^ from P E C being 2-sheeted, by the preceding 
Lemma it has at most two ramification points. Thus, by Bezout’s Theorem the 
multiplicities of other singular points are at most two and there are at most two of 
them. Moreover, it follows from Lemma 3.1 that in the case when there are two more 
singular points, the multiplicity sequence at P should be (d — 2). Hence, the only 
multiplicity sequences in the case of three cusps are [(d —2), (2^), (2;,)]. By the genus 
formula we have 



T a T 6 — 



and thus a + 6 = d — 2. 
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That the three cusps do not he on a line follows from Bezout’s theorem. □ 

3.3. Lemma. Let C C satisfies the assumptions of Lemma 3.2. Then C is 
projectively rigid and unobstructed 0. 

Proof. Let (P, D) (P^, C) be the minimal embedded resolution of singularities 
of C. Then, hrst of all, the Euler characteristic of the holomorphic tangent bundle 
X = x(0n( D )) vanishes. This follows from (1). Indeed, if P has multiplicity sequence 
rhp = (m), then 

rjp + Up — 1 = 2m — 3 , 

whereas for the multiplicity sequence (2a) this quantity equals a. Thus, under the 
assumptions of Lemma 3.2 we have 

X = 9 — 3(i + (a + 6) + 2{d — 2) — 3 = 0 . 

Furthermore, the projection from the point P G C of multiplicity d — 2 yields a 
morphism TTp : V ^ P^, which is a P^-ruling. Its restriction to P is 3-sheeted. More¬ 
over, X = V\ D = P^\C is a. Q-acyclic affine surface, i.e. Hi{X; Q) =0, i > 1. By 
Proposition 6.2 from [FZ] it follows that hf{Qv{D)) = 0, and so C is unobstructed. 
Since k {V\D) = 2 [Wak], due to Theorem 6 from [li] we also have /i°(0y( D)) = 0. 
Therefore, h^(0y(P)) = 0, that means that (V, D) is a rigid pair, and hence C is 
projectively rigid (see (2.1). □ 

3.4. Lemma. Let {C, 0) C (C^, 0) be a plane curve germ given parametrically by 

OO 

U=1 

Then the multiplicity seguence of (C, 0) has the form 



iff (**) Ci = 0 for all i with i < mr such that m fi. 


^see (2.1) for the definitions. 
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Furthermore, (C, 0) has multiplieity sequenee (2^) iff m = 2, the first r odd eoeffi- 
eients vanish: Ci = C 3 = ... = C 2 r-i = 0 and, moreover, C 2 r+i 7 ^ 0 . 


Proof. After coordinate change of type {fit), g{t)) 1 —> (/(^), g{t) —p{f{t))), where 
p G C[ 2 :], we may assume that Cm = C 2 m = • • • = c^m = 0. Then 

g{t) = CgF + higher order terms , 

with Cs 7 ^ 0 and either s > rm or m fs. 

First of all, we show that if {C, 0) has multiplicity sequence (m, ... ,m,...), then 

^ ^ > 
r 

s > mr, which is equivalent to (**). Let s = pm + si, where 0 < si < m. If p < r, 
then after blowing up p times we obtain the parametrized curve germ 

{f{t),g{t)/tn. 

which still has multiplicity m. But since g{t)/F^ has multiplicity s — pm = si, this 

contradicts the assumption that Si < m. Thus, if (C, 0) has multiplicity sequence 

(m, ... ,m,...), then the condition (**) is satisfied. The converse is clear. 

^ ^ ^ 
r 

Finally, assume that m = 2, ci = C 3 = ... = C 2 r-i = 0 and C 2 r+i 7 ^ 0. Then after 
the above coordinate change we have (/(t), g{t)) = {f^, C 2 r+it^''^^ + •••)) so due 
to the above criterion (C, 0) has multiplicity sequence ( 2 ^). Once again, the converse 
is clear. □ 


3.5. Theorem. For any d>4:, a>b>l with a + b = d — 2 there is a unique, up to 
projeetive equivalence, rational cuspidal curve C = Cd, a C 0/ degree d with three 
cusps with multiplicity sequences [{d — 2 ), ( 2 ^), ( 2 f,)]. 

In appropriate coordinates this curve can be parametrized as 


Cd,a = {P.Q.R) = {s\s-t)‘^-‘^ : t\s-t)‘^-^ : sh\d,a{s. t)) , 


d—A ■ rl ' ~ d—A 

where qd,a{s^ t) = and the polynomial qd,a{T) = is defined as 

i=0 i=0 


gd,a{T) 


fdAT^)+T^^~^ 

(1 + T )‘='-2 
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Here fd,a(T) is a polynomial of degree d — 3 uniquely defined by the divibisility eon- 
dtUon I (/,,,(T 2 ) +T 2 “- 1 ).[| 

Proof. Suppose that C C is such a curve. Since by Lemma 3.2 its three cusps 
are not at a line, up to projective transformation we may assume that C has cusps 
at the points (0 : 0 : 1 ), (0 : 1 : 0 ), (1 : 0 : 0 ) with multiplicity sequences resp. 
{d — 2), (2a), (2b). Let h = {P : Q : R) ; P^ —>■ C P^ be the normalization of C, 
where {P : Q : R) is a. triple of binary forms of degree d without common zero such 
that 

h(l : 1 ) = (0 : 0 : 1 ) 
h (0 : 1 ) = (0 : 1 : 0 ) 
h(l : 0 ) = (1 : 0 : 0 ). 

Since C is required to have cusps of multiplicity d — 2 at h(l : 1) and of multiplicity 
2 at h{0 : 1 ) and at h(l : 0 ), up to multiplication by constant factors we may write 

F(s, t) = {s- 

Q{s, t) = {s - ty~H^ 

R{s, t) = s‘^t^q{s, t ), 

where 

d-4 

Qis, t) = Y^ and cq ^ 0 , Cd-i 0 , g(l, 1 ) 7 ^ 0 . 

i=0 

We will show that under our assumptions q is uniquely dehned. 

To impose the conditions that there is a cusp of type (2a) at the point h{0 : 1) = 
( 0 : 1 : 0 ) resp. of type ( 2 ;,) at the point h(l : 0 ) = (1 : 0 : 0 ), we rewrite the above 
parametrization in appropriate affine coordinates at the corresponding points. 

At (0 : 1) we set f = s/t and we have 

P 

^For the explicit equations, see Proposition 3.9 below. 
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R ^ g^g(s, t) ^ 

Q {s — tY~‘^ — iY~‘^ 


where 


d-i 


?(0 = II CiY ■ 

i=0 

By Lemma 3.4 C has a cusp of type (2^) at /i(0 : 1) = (0 : 1 : 0) iff the odd coefficients 
of Y of fhe function vanish up to order (2a — 3) (this imposes (a — 1) 

conditions) and the coefficient of ^^Qgg j^ot vanish. 


At (1 : 0) we set r = t/s and we have 


/W = ^ 


P 


T^q{T) 


R 

= p = (1 _ ^Y-2 


^d—4—i 


where 

d-A 

= H CiT- 
i=0 

By Lemma 3.4 C has a cusp of type (2/,) at h(l : 0) = (1 : 0 : 0) iff the odd coefficients 
of vanish up to order (26 — 3) (this imposes (b — 1) conditions) and the 

coefficient of does not vanish. 

Note that the coefficients Cj of Y in those p of r* in g^Y/r"^ are linear 

functions in cq, ..., Cd-A- We must show that the system 


Cl — Cs — ... — C2a-3 — 0, C2a-1 — 1 
Cl = . . . C2f)-3 = 0 

has the unique solution. Indeed, by symmetry then also the coefficient C2fe-i is 
uniquely dehned and non-zero. This follows from the fact that the associate ho¬ 
mogeneous system 

Cl = C3 = • • • = C2a-3 = C2a-1 = 0 
Cl = . . . C2f)-3 = 0 

has the unique solution, which corresponds to g = 0. Observe that it has 

(a — 1) -|- (6 — 1) -f 1 = d — 3 
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equations and the same number of variables. To show the uniqueness we need the 
following lemma. Its proof is easy and can be omited. 


3.6. Lemma. Let 


and 


h{T) = Y,a,T'' eC[T] 

u>0 

h{T) = h{T){l + T\{T^)) 


for some power series u E C[[T]]. Set h(T) = ■ Then 

di = 0,3 = ... = d2k+i = 0 


^ff 


Oi — Os — ... — a2k+i — 0 • 


Returning to the proof of the theorem, put n = d — A and 

F{T) = «(T)(i + T)”+^ = 

a{T) = «r)(i + r)’>+" = ' 

By Lemma 3.6 the first a (resp. (6 — 1)) odd coefficients of F(T) (resp. of G(T)) 
vanish iff the same is true for (resp. for Note that by dehnition 

q(T) = q{^)T^. Thus, we have that degF = 2n + 2 is even and 

^(^)y2n+2 _ g(l)T”(l + = g(T)(l + = G{T). 

Therefore, the conditions that the hrst a odd coefficients of F and the hrst {b—1) odd 
coefficients of G vanish are equivalent to F being an even function: F{T) = F{—T). 
Indeed, since a + b — l = d — 3 = n+l, the above conditions mean that all odd 
coefficients of F vanish. Now we use the following elementary facts. 

3.7. Lemma. Assume that p E C[T] and {l + T)^p{T) is even. Then {l—TY\p{T). 
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Proof. By the condition we have (1 + T)^p{T) = (1 — T)^p{—T), as the product is 
even. Thus (1 — T)^ | p{T). □ 


From this lemma immediatly follows 


3.8. Corollary. If degp < n and (1 + T)^~^^p(T) is even, then p = 0. 


Being applied to p = q and F(T) = (1 + T)"^+^g(T), Corollary 3.8 implies that 
q = 0 and so g = 0, i.e. the above homogeneous system has a unique solution. This 
completes the proof of the hrst part of Theorem 3.5. 

As for the second one, we must prove the explicit presentation of g = g^^a- As 
above, it follows from the assumptions that the hrst (a — 1 ) and the last (6 — 1 ) 
odd coefficients of F{T) vanish, while the coefficient of is non-zero. Therefore, 

F{T) = f{T‘^) + with / being a polynomial of degree d — 3. Hence 


From the equality F{T) 


q{T) 


/(T2) 

(1 + T )‘^-2 


(1 + TY “^diT) we have that 


F(-l) = F'(-l) = ... = = 0 . 


These equations uniquely dehne the derivatives of the polynomial /(.^) at .^ = 1 up to 

d-3 

order (d — 3), and therefore fd a(0 = /(O = ~ 1)^ is determined in a unique 

k=0 

way. This completes the proof of Theorem 3.5. □ 


3.9. Proposition, a) The polynomial f = fd^a in Theorem 3.5 can he given as 

nT) = Y^{T-i)\ 

fc=o 

where oq = 1 , oi = a — | and 

Ok = —r(2a—l)(2a—3)... (2 a—(2 A;—1 )) = ai(ai —1)... (ai —(A;—1)), A; = 1,..., d—3 , 

2K 

i. e. it coincides with the corresponding partial sum of the Taylor expansion at T = 1 
of (the positive branch of) the function T“F 
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b) In the affine chart {X = xjY = y/z) the curve Cd,a as in Theorem 3.5 can he 
given by the equation p{X, Y) = 0, where p = Pd,a ^ is defined as follows: 


p{X, Y) 


X^a+iy^b+i _ - Yy-^ - XYf{X, Y)y 

(X - Yy-^ 


and where f{X, Y) = Y'^ ^fiy) is the homogeneous polynomial which corresponds to 
f{T). 


Proof. We start with the proof of b). In the notation of Theorem 3.5 in the affine 
chart ^ = s/t in we have 


^ = ^ = 
Y Q ^ 


and 


where 


X = 


(e-1) 


d-2 




= Qd,a{y) = ^Ciii 
i=0 

is as above. Thus, 

(^2 _ ^).-2 ^ xq{m - ly-^ = xifdAe)+ 

by the dehnition of q{^). Plugging here ff = XjY we obtain 

.X. 


(X - Yy-’^ = XY{Y^-A'{y) + ^X^~Ay = XYf{X, Y) + ^X^Y^+^ 


Hence, 


and so 




(X - Yy-^ - XX/(X, Y) 


2 X i{X-Yy-^-XYfiX,Y)fi 


i = — = 
^ Y 


X‘iaY‘ib+2 

Therefore, the curve Cd,a in the affine chart (X, Y) satishes the equation p = 0, where 
p(X, Y) = x2“+ix2fe+i _ - Yy-^ - XYf{X, Y)f . 

Since Cd,a is an irreducible curve of degree d, b) follows from the next lemma. 


19 



3.10. Lemma. 


{x-yY-^\P{x, y). 


Proof. We have 

p(X, Y) = ij{X, Y) mod {X - Yf-^ , 

where 

^/J{X, Y) := - X^Y^PiX, Y). 

The polynomial ip is homogeneous of degree 2d — 2, and thus it is enough to show 
that 

{x-iY-Yi’ix,!), ( 2 ) 


or equivalently, that 

(x^ -ly-^ipix^, 1 ). 

Since ip{X^, 1) is an even polynomial and (X^ — 1)'^“^ = (X — 1)'^“^(X + 1)'^“^, by 
(3.7) it is sufficient to check that 


(X + l)<i-2|^(X2^ 1). 


But 

ip{X^, 1) = X^“+2 - X^P{X^, 1) = 0 mod (X + , 

because by dehnition, 

/(X^, 1) = mod (X + 1)^-^ . 


□ 


Proof of Proposition 3.9, a). From (2) it follows that 

f{T) - = (/(T) - T“i)(/(T) + T“i) = 0 mod (T - 1)^-^ , 

where by T“i we mean those branch of the square root of which is positive at 

T = 1. Since (T — 1)'^“^ does not divide the second factor, we have 

/(T) - = 0 mod (T - . 
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Thus, indeed, /(T) is the (d-3)-th partial sum of the Taylor series of the function 
j'ai _ 2 ^ 22 ^ point T = 1, and a) follows. This proves the Proposition. □ 

3.11. Remark. By the way, it follows that any rational cuspidal plane curve C with 
at least three cusps, one of which has multiplicity degC — 2, can be dehned over Q. 


3.12. Examples. Here we present the affine equations pd,a = 0 of the curves Cd,a 
for 4 < d < Tfl. 


d = 4 and a = 1 (Steiner’s quartic) 


P4,3(X, F) = - (X - Yf + XY{Y + X) 


d = 5 and a = 2 

P5,2(X, F) = 

d = 6 and a = 2 


F3X2 9^22^3 3X2' 


64 


64 


— + 


K, ^ IFF - F? - TF _ 


128 


256 256 


9Y^X Y^ 9FX2 X3\ 

+XF-+- 

V 8 8 8 8 ; 


d = 6 and a = 3 




128 


256 


256 


_,/F3 5F2X 15FX2 5X3' 

---— + --- + — 


8 


8 


d = 7 and a = 3 


475 F^X^ 25F2X3 75F4X3 QF^X^ 

P7,3{-^, F) — - ACOOA - ACOOA ACOOA ~ 


+XF 


16384 16384 16384 16384 

'3F4 5F3X 45F2X2 15 FX^ 5X4' 


64 


16 


32 


16 


64 


they were found with ’’Maple”. 
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d = 7 and a = 4 


459^3x4 1225 

^ “ 16384 16384 


155 F^X3 25 F^X^ _ ^ 5 

16384 16384 ^ ^ 


+XF 


f7Y^X 
V 16 


5F4 


35F2X2 35 FX^ 35X4\ 

32 ^ 16 ^ 64 J ■ 


3.13. Remark. The weighted dual graph of the resolution of a cusp with multiplicity 
sequence (m) looks like 


-2 -2 


-2 


-1 


o-o-o- 

-E 2 -E'3 -E'4 


o 



o 

c 


Q —m 
El 


while the dual resolution graph of a cusp ( 2 ^) = A 2 a looks like 


-2 

o- 

6-2 

Ea+1 


-2 

-o— 

Ea-l 


-3 

-o- 

E,, 


-1 

■o- 


E, 


a+2 


■o 

c 


Therefore, the dual graph of the total transform D = of Cd,a in its minimal 
embedded resolution F —> looks as follows: 


6 -2) 
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where b = d — a — 2 and boxes mean the corresponding local resolution trees, as above. 


3.14. Remark [|. Here we show that each curve Cd,a can be birationally transformed 
into a line. More precisely, let Pq, Pa, Pb be the cusps of C = Cd,a with multiplicity 
sequences resp. (d — 2), (2^), (2;,). Let Iq = {x = 0}, loo = {v = 0} be the lines 
through Pq, Pa, resp Pq, Pb, and /i = {a: — ?/ = 0} be the cuspidal tangent line to C 
at Pq. We will show that there exist three other rational cuspidal curves Ci, C 2 , C 3 , 
which meet C only at the cusps of C, such that the curve T = CU/oU/iU/ooU 
Cl, UC '2 U C 3 can be transformed into a conhguration T' of 7 lines in by means 
of a birational transformation a : which is biregular on the complements 

P^ \ T and P^ \ T'. In fact, a consists of several birational transformations composed 
via the following procedure. 

1) Blowing up at Pq, we obtain the Hirzebruch surface vr : Ll(l) ^ P^ together with a 
two-sheeted section C" (the proper preimage of C), the exceptional divisor E (which 
is a section of vr) and with three hbres Fq = Vq, Fi = I'l, Foo = I '00 through three 
points of C which we still denote resp. as Pa, Pq, Pb- Observe that C' is smooth at 
Pq and by (1.3, a) i{C', E] Pq) = d — 2. 

2) Perform a resp. b elementary transformations at Rj G C" fl Fq resp. P;, G C" fl Poo, 
hrst blowing up at this point and then blowing down the proper preimage of the hbre 
Fq resp. Foo- We arrive at another Hirzebruch surface H(A^) equiped with a smooth 
two-sheeted section C”, which is tangent to the hbres Fq and Poo and to the section 
E', where now = d — 3. 

3) Performing further d — 2 elementary transformations at Pq = E' (1 C" fl Pi, we 
return back at H(l) with P^ = — 1 , this time the image C" of C" being a smooth 
two-sheeted section which does not meet P. 

4) Contract P back to a point Pq G P^. Then the image C of C" is a conic in P^, 
and the images of the hbres Pq, Pi, Poo are resp. the lines Iq, li, loo through Pq ^ C, 

^This remark is due to a discussion with T. tom Dieck, who constructed examples of cuspidal 
plane curves starting from certain plane line arrangements, and with E. Artal Bartolo. We are 
grateful to both of them. 
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where /q, loo are tangent to C resp. at the points Pa, Pb G C, and h is a secant line 
passing, say, through a point A ^ C. 

5) Performing the Cremona transformation with centers at the points A, Pa, Pb € C, 
we obtain an arrangement T' of 7 lines in with 6 triple points. It can be described 
(in an affine chart) as a triangle together with its three medians and one more line 
through the middle points of two sides. It is easily seen that such a conhguration T' 
is projectively rigid. 

The Q-acyclic surface \ C* can be reconstructed starting from the arrangement 
T' by reversing the above procedure. In the tom Dieck-Petrie classification [tDP, 
Theorem D] this line conhgurations is denoted as T(4). 

3.15. Remark. E. Artal Bartolo has computed the fundamental groups 7ri(P^\Cd,a)- 
Let, as always, a + b = d — 2, where a > b > 1. Set 2n + 1 = gcd (2a + 1 , 26 + 1 ). 
Then 7 ri(P^ \ Cd^a) ~ Gd,n, where Gd,n is the group with presentation 

Gd,n =<U,v\ u{vu)^ = {vu)^v, {vu^-^ = > . 

In particular, Gd,n is abelian iff n = 0, i.e. gcd (2a + 1, 26 + 1) = 1. Furthermore, 
among the non-abelian groups Gd,n only (^ 4^1 and G-r^i are hnite. Note that, being 
non-isomorphic, the curves Gisj and Cis, 10 have isomorphic fundamental groups of 
the complements, which are both inhnite non-abelian groups isomorphic to Gi 3 ,i. 
Evidently, there are inhnitely many such pairs. 

4 Miscelleneous 

Let (7 C P^ be an irreducible plane curve, E —P^ the minimal embedded resolution 
of singularities of G, G <Z V the proper transform of G and K = Ky the canonical 
divisor of V. Let also P C V he the reduced total transform of G. Recall (see (2.1)) 
that G being unobstructed simply means that h?{Qv{D)) = 0. In the next lemma 
we give a sufficient condition for a plane curve to be unobstructed. 

4.1. Lemma. Let the notation be as above, 
a) IfKC < 0, then H‘^{Qv{D)) = 0. 
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b) Assume that C is a cuspidal curve with cusps Pi,... ,Ps having multiplicity se¬ 
quences 

rhp^ = {m„i,.. 1 ,..., 1 ), 

rricr ro-+l 

where If 

S 

KC < > 

cr=l 

then H^QviD)) = 0. 

Proof, a) Fix u G D ) ^uv). Then we have ReS(^(cc;) = 0 G H^{0^{KC)), 

since by assumption the degree of 0^{KC) is negative. Regarding cu as a meromorphic 
section in f2p2 ® uj-p 2 ) it follows that u is holomorphic outside the cusps 

of C. Therefore, ui extends to a section in f2p2 ® cupz, and hence a; = 0. Thus, 
D ) ^uy) = 0. Now the result follows by Serre duality. 

For the proof of b) consider a factorization of the embedded resolution as 

V ^V' 

such that V P^ yields the minimal resolution of C in the following sense: 

(i) The proper transform, say C, of C in V is smooth, and 

(ii) C can not be resolved by fewer blowing ups. 

It is easily seen that 

Ky,C' = KyC-j2 m^r. 

cr=l 

(cf. the proof of (4.3, b) below). By the above arguments, if Ky/C < 0, then 
H^{Qy,{D') ^ujyi) = 0, where D' is the reduced total transform of C in V. Hence 
also H\nly{D)®ujy) =0. □ 

4.2. Corollary. With the notation as in (4-1, h), assume thatC is a rational cuspidal 
curve with k(P‘^ \C) = 2. If 

(3) 

a=lj=l 

then 

xiQvi D))=K{K + D) = -h\ey{D))< 0 . 
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Proof. From Lemma 4.3,a) below it follows that 


( 7 ^ + ^ =3d-2-'^J2 ■ 

(7=1 (7 = 1 j = l 

Therefore, (3) is equivalent to the inequality 

C"^ + ^2 ^ ~1 • 

7 = 1 

Thus, we have 

KC = -C^-2<j2m^r., 

7=1 

and hence by (4.1, b) h‘^{Qv{ D)) =0. Since k(P‘^\C) = 2, then also h^{Qv{ -D)) = 0 
(see [li. Theorem 6]), and the statement follows. □ 

Note that in our examples, i.e. for C = Cd,a being as in section 3, we have KyC = 

S Tc 

d — A (see (4.3, b)) and J2cr^eTr^ = d + 2; furthermore, £ ^aj = 3(d — 2) < 3d. 

cr=l j=l 

Thus, (4.1) or (4.2) gives another proof of unobstructedness of Cd,a (cL (3.3)). 

4.3. Lemma. Let C C be a rational cuspidal curve, with cusps Pi,... ,Ps having 
multiplicity sequences fhp^ = {m^i,... Then 

a) in the minimal embedded resolution V ^ of singularities of C the proper 
transform C of C has selfintersection 

= 3d + s - 2 -J2mij = 3d - 2 - J2J2 ■ 

ij 7 = 1 j = l 7=1 

b) Furthermore, if K = Ky is the canonical divisor, then 

KC = —3d — s + ^ mij . 

iJ 


Proof, a) Clearly, 


C^ = C^-J2ml + s = d^ + s-Y: 


m 
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The genus formula yields 


{d -l){d-2) = Y^rriijimij - 1). 

Thus 

d^ = 3d - 2 - rriij , 

i,j i,j 

and (a) follows. 

b) follows from (a) and the equality KC + = —2. An alternative proof: we 

proceed by induction on the number of blow ups. First of all, for K = Kp 2 and 
C* C we have KC = —3d. Furthermore, let C* C P be a curve on a surface V 
and K = Ky be the canonical divisor, a : V ^ V he the blow up at a cusp of C of 
multiplicity m and K' = Ky/, C C V be the proper preimage of C. We have: 

KC = K'C* = {C + mE)K' = C K' + mEK' = 

= C'K' + m{E{K' + E)- E^) = C'K' + m{-2 + 1) = iF'C" - m , 
hence K'C = KC + m. This completes the proof. □ 

4.4. Remark. Let Ep C P be the reduced exceptional divisor of the blow ups over 
P E Sing C. Then by Lemma 2 in [MaSa] 

E'p = —Up — 1 . 

\i D = C + Ep C P is the reduced total transform of C in V, then we have 

PeSing C 

(cf. [MaSa, Lemma 4]) 

= ^2^2card(SingC') + ^ El = & - ^ (cup - 1) 

PeSing C PeSing C 

ki 

= 3d-2- E (E mpj + cup — 1). 

PeSing c j=o 


4.5. Remark. In [0Z2, Proposition 4] the following observation is done. 
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A projectively rigid rational cuspidal curve C C cannot have more than 9 cusps. 


The reason is quite simple. Denote by k the number of cusps of C. Assuming that 
K > 3 we will have \ C) = 2 [Wak], and therefore due to Theorem 6 in [li], 
= 0, where h* := h*(0y(D)), z = 0, 1, 2. Let K + D = H + Nhe the Zariski 
decomposition in the minimal embedded resolution P —> P^ of singularities of C. It 
can be shown that = SpeSingC-^P) where the local ingredient Np over a cusp 
P G SingC has estimate —Np >1/2. Thus, 

k< 2 Y. i-^p) = -2A^^ • (4) 

PeSing C 

We also have 

{K+Df = H^+N^ and {K+DY = K{K+D)+D{K+D) = K{K+D)-2 , (5) 
where [FZ, (1.3)] 

K{K + D) = x{ev{D)) = h^-h\ ( 6 ) 

From (4)-(6) and the logarithmic Bogomolov-Miyaoka-Yau inequality < 3 [KoNaSa] 

we obtain 

K < -2N^ = -2{K + DY + 2H^ < 6-2{K + DY = 10-2K{K + D) = 10-2h‘^ + 2h^. 
Therefore, 

K < 10 

as soon as N = 0, i.e. for a projectively rigid curve C. 

Hence, once one constructs a rational cuspidal plane curve with 10 cusps or more, 
we know that it is not projectively rigid. The latter means that such a curve is a 
member of an equisingular family of rational cuspidal plane curves, generically pair¬ 
wise projectively non-isomorphic Q (see (2.1)). 


®i.e. with cusps of the same type. 

^i.e. non-equivalent under the action of the automorphism group PGL (3, C) on P^. 
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